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Design for Active Flutter Suppression and Gust Alleviation
Using State-Space Aeroelastic Modeling

Mordechay Karpel*
Stanford University, Stanford, Calif.

An analytical design technique for an active flutter-suppression and gust-alleviation control system is
presented. It is based on a rational approximation of the unsteady aerodynamic loads in the entire Laplace
domain, which yields matrix equations of motion with constant coefficients. Some existing rational ap-
proximation schemes are reviewed, and a new technique which yields a minimal number of augmented states for
a desired accuracy is presented. The state-space aeroelastic model is used to design a constant gain, partial-
feedback control system, which simultaneously assures stability and optimizes any desired combination of gust
response parameters throughout the entire flight envelope.
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Nomenclature

= geometric properties of a typical section
(Fig. 1)

= control command participation in zd
= lift coefficient derivative with respect to

angle of attack = La/2bq
= generalized Theodorsen function [Eq.

(3)]
= open-loop characteristic polynomial
=plunge coordinate (Fig. 1)
= reduced frequency = coZ?/ V
- modified Bessel function of order n
- lift per unit span
= scale of turbulence, length units
= order of the denominator polynomial in

a rational approximation
= number of output measurements
= wing mass per unit span
= Mach number
= pitching and hinge moments (Fig. 1)
= number of degrees of freedom
= order of Eq. (17)
= dynamic pressure = Vip V2

= magnitude of s = reie

= radius of gyration of the typical section
and the control surface, divided by b

- Laplace transform variable
= nondimensionalized Laplace vari-

able = sb/V
= control command variable and its

Laplace transform
= airspeed
= vertical gust velocity
= dimensionless center of mass offsets

(Fig. 1)
= gust response design variable and its

Laplace transform
= angle of attack
= control surface actual and command

rotations
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Subscripts

f,fl,f2

I
nc
rl, r2

= aerodynamic roots [Eq. (5)]
= error of least-square approximation
= power spectral density of wg
= wavelength of sinusoidal gust
= mass ratio = ms/irpb2

= air density
= mean square value of wg
= argument of s
= vibration frequency, rad/s
= plunge, pitch, and flap uncoupled

natural frequencies

= adjoint matrix of [ ]
= aerodynamic influence coefficients
= approximated value of [A ]
= states participating in zd
— gust loads influence coefficients
= as defined in Eq. (9)
= damping matrix
= control gains
= as defined in Eq. (15)
= defined in Eqs. (11) and (13)
= defined in Eqs. (11) and (13)
= real and imaginary parts of (A (ik) ]
= dynamic and input matrices of Eq. (17)
= as defined in Eq. (21)
= output matrices of Eq. (17)
= unit matrix
= stiffness and mass matrices
= coefficients of matrix polynomial
= piston theory limit, [ G ( k ) ]/k,k-+<x>
= defined in Eqs. (12) and (13)
= define the circulatory parts of Eq. (2)
= deflections in generalized coordinates

and their Laplace transform
= measurement vector and its Laplace

transform
= state vector and its Laplace transform

= aerodynamic
= / values at which approximated and

tabulated terms match
= index of tabulated data
= noncirculatory aerodynamic
= reference values of / in the least-square

equations
= structural
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Introduction

IN recent years, extensive research has been carried out to
develop active flutter suppression and gust alleviation

systems, in which aerodynamic control surfaces are operated
according to a control law which relates the motion of the
controls to some measurements taken on the vehicle. The
aerodynamic forces generated by the controls modify the
overall forces in such a way as to suppress flutter and alleviate
structural turbulence response within the aircraft flight en-
velope (including safety margins). Some recent analytical
developments, wind-tunnel tests, and flight-test demon-
strations1'5 show the potential and feasibility of active
aeroelastic control systems. However, in order to apply
modern control techniques efficiently for optimized systems,
more refined aeroelastic modeling has to be carried out.

The main difficulty in modeling an aeroelastic system for
control design lies in the representation of the unsteady
aerodynamic loads. The classical approach to flutter6 is based
on aerodynamic influence coefficient matrices computed for
simple harmonic motion at discrete values of reduced
frequencies. The flutter analysis is performed for many Mach
numbers, reduced frequencies, and air densities to find the
"matched" stability boundary. Only there is the assumption
of simple harmonic motion correct. Nissim's energy concept7

for flutter suppression system design is based on the same
approach. Nissim's formulation was successfully used for
developing some experimental systems.2'8 Modern control
analysis, however, which calls for the representation of the
aerodynamic loads in the entire Laplace domain (s plane), is
not suitable for Nissim's formulation. Recent developments
in the evaluation of unsteady aerodynamic loads due to ar-
bitrary motion9 followed earlier attempts21 and opened the
way for calculating aerodynamic influence coefficients in the
entire s plane. The resulting expressions are usually
nonrational, however, and require lengthy calculations. In
order to obtain an aeroelastic system with a finite-order state-
form matrix equation for linear stability analysis, the
aerodynamic influence coefficients have to be approximated
by rational functions of s (namely, fraction of polynomials of
s).

Rational approximations of the unsteady loads on a typical
section in incompressible flow were derived by R.T. Jones10

in a way that could be later applied to modern control
theory.14 The two roots placed by Jones along the negative
real axis of the s plane idealize the time delays inherent in
unsteady aerodynamic loading. Systematic techniques which
use oscillatory aerodynamic matrices (along the imaginary
axis of the s plane) to generate rational approximate solutions
for arbitrary motion were developed by several
authors.1'9'11'12 They are reviewed in this paper, and a new
technique, which minimizes the number of augmented states
for a desired accuracy, is presented.

Once a suitable approximation for the aerodynamic loads is
chosen, a state-space matrix equation of motion can be
constructed. Since the aerodynamic loads are a function of the
flow conditions, each point in the flight envelope has a dif-
ferent equation of motion. A root-loci analysis yields the
variation of the systems frequencies of oscillation and
damping ratios with the dynamic pressure for a given Mach
number. After adding to the state-form equation a control
(input) term and a measurement (output) equation, control
analysis is performed.

There is no all-purpose control technique. A suitable one is
chosen in accordance with the performance requirements, the
available control means, the precision of the mathematical
model, the measurement accuracy, and the on-board com-
puter capacity. The control analysis given in this paper is for a
simple constant gain, partial-feedback, single-input, con-
tinuous control system. A procedure, which simultaneously
assures stability and minimizes an arbitrary gust response
design parameter over the entire flight envelope, is presented.
More detailed theoretical developments and numerical

examples for aeroelastic modeling and control analysis are
given in Ref. 20.

Unsteady Aerodynamic Modeling
The Laplace transform of the /7-degree-of-freedom, open-

loop, aeroelastic system equations of motion (for stability
analysis) reads

( [ M s ] s 2 + [Bs]s+ [Ks]) ( X ( s ) } =q[A] ( X ( s ) } (1)

Modal coordinates are used, and s is the Laplace variable. For
given geometry, mode shapes, and Mach number, the
complex aerodynamic influence coefficient matrix [A] is a
function of s = sb/ V.

A fundamental phenomenon in unsteady subsonic
aerodynamics is that the disturbances shed into the flow by
the wing motion continue to affect the loads at a later time.
Mathematically this phenomenon results in nonrational
expressions for the aerodynamic influence coefficients; they
usually cannot be exactly represented in the Laplace domain
by transfer functions of finite order. In order to solve Eq. (1)
by the methods of linear algebra, [A ] has to be approximated
by rational functions of s.

Incompressible, Two-Dimensional Flow
The unsteady aerodynamic loads on the typical section of

Fig. 1, in incompressible, two-dimensional flow, were for-
mulated by Theodorsen13 for oscillatory motion. Following
Sears,15 and Luke and Dengler,21 Edwards14 showed that
these results may be generalized for arbitrary motion. The
influence coefficient matrix is

lA] = l M H C ] s 2 + [ [ B n c ] + C ( s ) ( R 1 } [ S 2 ] ] s

+ [ K n c ] + C ( s ) ( R 1 ] [ S 1 ] (2)

where C(s) is the generalized Theodorsen function

C ( s ) = K ] ( s ) / ( K 0 ( s ) + K 1 ( s ) ) (3 )

where Kn is a modified Bessel function of order n. C(s) is
analytic throughout the 's plane except for a branch point at
the origin, which requires a branch cut along the negative real
axis. The other terms in Eq. (2) are given in Ref. 14.

Rational fraction approximation of the generalized
Theodorsen function derives from the R.T. Jones10 ap-
proximation of Wagner's indicial loading function as

0.0075 0.10055
(4)

Fade Approximants
Unlike the incompressible, two-dimensional aerodynamics

[Eq. (2)], in a more general aeroelastic system there is no
longer a single nonrational function which can be factored out
of the influence coefficient matrices. This led to a Fade ap-

Fig. 1 A typical-section flutter model, showing definitions of
coordinates and system properties.



MARCH 1982 DESIGN FOR ACTIVE FLUTTER SUPPRESSION 223

proximant technique1'12 in which each term of the influence
coefficient matrix is approximated by a different ratio of
polynomials in s.

In a Pade approximant of order m, a least-square technique
is used to find the numerator and denominator polynomials
which best fit tabulated influence coefficients for oscillatory
motion. Since each approximation root adds one state to the
equation of motion, the dimension of an rt-degree-of-freedom
model becomes 2n + mn2. In a realistic problem, the con-
tributions of some of these roots are negligible and are
omitted. In the design problem of Ref. 1, for instance, a
system of 27 structural modes was analyzed with a
mathematical model of order 200.

Roger's Approximation
Roger11 realized that the aerodynamic influence coef-

ficients may be approximated more efficiently by using
common denominator roots. Roger's approximation is

and

(5)

where the values of 7y_2 are selected to be in the reduced
frequency range of interest. The real coefficient matrices [P]
are found by setting s = ik and using a least-square technique
for a term-by-term fitting of tabulated oscillatory influence
coefficient matrices.

Roger's approximation yields a model of order Nn. Most
applications (such as Refs. 5 and 8) used N= 6.

Matrix Fade Approximation
The matrix Pade approximant technique was introduced by

Vepa, 12 modified by Edwards,9 and is further modified here.
The approximant is

[ A a ] = - [R] [P2]s+ [ P 3 ] ) (6)

The data used to determine the approximant consists of
tabulated steady-state influence coefficients [F(0) ] and
oscillatory influence coefficients [A ( i k t ) ] = [ F ( k l ) ]
+ i [ G ( k l ) ] for various / indices. A requirement of matching
the steady-state aerodynamics yields

(P3] = - [ R ] ( F ( 0 ) ] (7)

[P;] and [P2] are related to [R] by

[P, ] = [R]{ [F(kfl)] - [F(0) ] }/k2
fl + [G(kfl) }/kfl (8a)

Re(Cla)

Fig. 2 R.T. Jones and minimum state approximations for C, of a
typical section in incompressible flow as a function of 5"= re'0.

2 } = [ F ( k f 2 ) } - [ R ] [ G ( k f 2 ) ] / k f 2 (8b)

where kfl and kfl are selected from the tabulated k values.
Equations (8a) and (8b) are only approximations at other kt
values, for which

[AU}T[R]T=[BU}T (9a)

=[B2tl]T (9b)

and

4 R

-2

- - - • • 2 ROOTS
- - - 4 ROOTS
- 6 ROOTS

Fig. 3 Minimum state approximants of €/ for a typical section at
M- 0.7 as a function of s = ik.

0 DATA
- - - ROGER (N=
- - - - - MATRIX PADE

MINIMUM STATE (m=4)

-1.0

0.0

-0.1 0
Re(Au) ,m

k=0.

D DATA
- - - ROGER (N=6)
- - - - - MATRIX PADE
- MINIMUM STATE (m=4)

0.35 0.5 0.75
Re(A22) ,m

Fig. 4 Curve fitting for Au and A22 of rational approximations to
aerodynamic influence coefficients of the Ref. 5 wing at A/= 0.9.
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where
= { [F(kt) ] - (F(0) ] }lk}- { [F(krl

For the other tabulated reduced frequencies, Eqs. (14a) and
(14b) become approximations. Thus one obtains

- [F(0) ] }/k2- { (F(kf)

and

2>l] = [G(kl)]/kl-[G(kr2)]/kr2

u] = [G(krl)]/krl-[G(kl)]/kl

2>l] = [ F ( k l ) ] - [ F ( k r 2 ) ]

[D]

- [ F ( 0 ) ] } / k 2

[E] - [ G ( k f ) ] / k f -

where krl and kr2 are selected from the kl values.
Edwards9 used kfl=kj2 = kf, which causes the ap-

proximant to be exact at kf. He chose krl -* oo, which yields
{ [ F ( k r l ) ] - [F(0) ] )/**7-0 and [G(krl) }/krl* [Qpt] . He
also used Eq. (9a) only to construct a matrix least-square
problem to be solved for [R] T.

The matrix Fade approximation is improved when both
Eqs. (9a) and (9b) are used for least-square fitting, which
yields

and

[D]
where

[C(R,kt) ] = (k2[I] + [R] 2 ) -1 -

f

(15a)

l (15b)

[R]2) ~!

£ = E

Best overall accuracy is obtained by taking kfl=krl
= max(kl) and kf2 = kr2 = kl at which accuracy is most im-
portant. The matrix Fade technique yields a state-space
model9 of order 3«.

The Minimum-State Method
The most general representation of an open-loop

aeroelastic system by a finite state-space equation of motion
can be written as

For a given approximation, order m, the problem is to find
the matrices [D], [E], and [R] which best fit the tabulated
data at several kl values. Since the eigenvalues of _[R]
represent the time delay in the aerodynamic loads, [R] is
chosen to be diagonal with negative elements.

The minimum-state procedure goes as follows: 1) Set an
initial number of augmented states m; 2) set an initial
diagonal [R] with distinct negative elements; 3) set an initial
[D] with rank [D] =min(w,«); 4) use Eqs. (15a) and (15b)
to set and solve a matrix least-square problem for [E] [cf.
Eq. (10)] ; 5) use Eqs. (15a) and (15b) (transposed) to set and
solve a matrix least-square problem for [D] ; 6) calculate the
least-square performance index (De2); 7) repeat steps 4-6 to
convergence; 8) use a minimization procedure to modify
[R]', 9) repeat steps 3-8 until the performance index con-
verges to a global minimum; 10) calculate the approximant of
Eq. (12) for the tabulated reduced frequencies and compare
with the tabulated data; 11) if the accuracy of the ap-
proximant is not satisfactory, increase m and repeat steps 2-
10.

0 [I] 0

-[Ms+Ma]-*[Ks+Ka]-(Ms+Ma]-*[Bs+Ba] [Ms+Ma]-'[D]

0 [E] (Rl

(11)

where {#} is the generalized coordinate vector of an Ai-degree-
of-freedom system and [xa] is a vector of m augmented
states. Comparing Eq. (11) with Eq. (1) shows that the
aerodynamic influence coefficient matrix is approximated by

= (P1]s~2+[P2]s+[P3]
nxn

nxm mxm mxn (12)

We can see from Eq. (15) that the least-square problem
actually approximates { [F(kf) ] - [F(0) ] \lk] and
[ G ( k l ) ] / k l . The low frequency coefficients are weighted
more than the high frequency ones. Other means for con-
trolling the variation of the accuracy with k are selection of
data points and of the value of kf.

While the weighting of Eq. (15) is suitable for in-
compressible flow, different weighting can be used in other
cases. With uniform weighting Eq. (15) becomes

where the aerodynamic parameters of Eq. (11) are related to
those of Eq. (12) by

[Ma] = - l/2pb2 [P,], [Ba] = - >/2PbV[P2]

[Ka] = -J/2PV2(P3], [D] = */2PV2[D] (13)

[E] = [£], [R] = ( V / b ) [ R ] , s=sV/b

The approximation of Eq. (12) is constrained to match the
influence coefficients for k = 0 and k = kf, which yields

- [F(0) ] - { [F(kf) ]k2[D] [C(R,k,) ] [E] -

~ [ F ( 0 ) ] ] ( k l / k f ) 2

and

k, [D] [C(R,kt) ] [R] [E] - ( G ( k f ) ] k l / k f -

(16a)

(16b)

(P1] = i [F(0) ] - (F(kf) ]

+ [ R ] 2 ) ~ ! [ E ]

[P2] = [ G ( k f ) ] / k f + [D]

[D]

[ R ] 2 ) -1 [R] [E]

(14a)

1
(14b)

(14c)

Numerical Examples Employing Rational Approximants
The minimum-state procedure is first applied to the typical

section of Fig. 1 in incompressible flow with a= -0.4, b= 1,
and c = 0.6. The tabulated aerodynamic influence coefficients
were calculated for A: = 0, ̂  = 0.25, and ̂  = 0.1, 0.15, 0.2,
0.3, 0.5, 1, and 2 from Theodorsen's version of Eq. (2). The
least-square approximation is that of Eq. (15). A comparison
between C/ obtained from Theodorsen (as generalized in
Refs. 14 anad 21), the R.T. Jones approximation [Eq. (4)],
and the minimum-state method of order 2 [Eq. (12)] , is given
in Fig. 2 for various values of s = reie.

The minimum-state procedure is seen to yield a better
approximation in the entire range of interest IH<1, and
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60 deg<0<120 deg. Both approximations deteriorate as the
branch cut along the negative real axis is approached.

The minimum-state procedure, with the least-square ap-
proximation of Eq. (15), was also applied to a typical section
in subsonic flow of M=0.7. The tabulated aerodynamic
matrices for k = 0, kf = 0.26, and £, = 0.06, 0.1, 0.16, 0.22,
0.3, 0.4, 0.5, 0.64, 0.8, and 1.0 were taken from Ref. 16. The
approximants of order 1, 2, 4, and 6 are compared to the
tabulated oscillatory C7 in Fig. 3. The first-order ap-
proximation is quite poor". Starting with m = 2, it is up to the
designer to make the tradeoff between the approximation
accuracy and the order of the resulting model.

The last example chosen was a model wing used for
demonstration of active flutter suppression in the wind
tunnel. The wing characteristics and a stability analysis are
given by Abel.5 Abel used Roger's approximation [Eq. (5)] ,
with N=6. Oscillatory aerodynamic influence coefficients for
M=0.9 were calculated for k = Q, 0.1, 0.3, 0.5, 0.7, 0.9, 1.3,
and 1.8, using the doublet-lattice aerodynamics.22 The values
of jj_2 in Eq. (5) are 0.2, 0.4, 0.6, and 0.8.

The minimum-state technique, with no k weighting [Eq.
(16)] and with ̂  = 0.3, was applied to a system consisting of
four vibration modes. Three wing modes (1,2, and 4),5 which
affect the flutter mechanism, and the control surface
deflection mode were selected and normalized for unit
generalized masses. The modified matrix Pade technique was
also applied (with the wing modes only), and best results were
obtained with kfl =kr] = l.% and k^ ~ kr2 = 0.3.

Curve fittings for A1} and using Roger's ap-
proximation, the modified matrix Pade approximant, and the
minimum-state approximation of order 4 are shown in Fig. 4.
The minimum-state fit (with four augmented states) is
comparable with Roger's fit based on 16 augmented states.
The matrix Pade fit is much less accurate than the other two.

Control Analysis
The purpose of this section is to demonstrate the usage of a

state-space representation of an aeroelastic system in flutter
suppression and gust alleviation. The focus is on optimizing a
predetermined partial feedback control law over a wide range
of aerodynamic parameters. The control equations and the
numerical example are deliberately simple. More general
control analysis and more practical numerical examples are
dealt with in Ref. 20.

The open-loop equation of motion (11) is now sup-
plemented with a single-input term and a multi-output
(measurement) equation. The control equations are

n=2n + m
nxl

(17)

Pole Assignment
The Laplace transform of Eq. (17) yields the input-output

transfer function

[ Y ( s ) }
U(s) (19)

Substituting the Laplace transform of Eq. (18) for U(s) and
premultiplying Eq. (19) by [C] yields

[C] { [H] (s[I] - [F, ] ) -' { G, ) + {/} ) =/

Using the algebraic relation

~ [Fj])/ \s[I] - [F7]

(20)

Eq. (20) can be replaced by

where
(g(s) } + D0{s) (J) ) =D0(s)

[ F 1 ] ) } { G ] } , D0(s)=

(21)

An efficient algorithm for calculating the polynomial
coefficients of (g(s) ) and D0(s) is given by Gantmakher. 17

Requiring the closed-loop system to have a specific pole at any
one flight condition gives an equation (21) for the coefficients
of [C] . A complex pole assignment gives two equations, for
the real and imaginary parts of Eq.,(21). A set of mc assigned
poles gives mc equations to be solved for [C] . Different poles
can be assigned for different flight conditions.

Once the control gains are found, the closed-loop poles at
any flight condition can be found by solving the eigenvalue
problem

Gust Response Analysis
The gust response analysis is similar to that given by

Pratt. 18 The response to a sinusoidal vertical gust with a unit
velocity amplitude and wavelength X is found by solving

- [F, ] - j } [C] [H]] (Z(/co) } = (Fg]
(23)

where

[Fg "=[0, (q/V)(A
n

( i k ) } T ( M s + M a ] -T 0]
m

and

Here {z} and [Fj] are the state vector and the dynamic
matrix of Eq. (11), u is the control variable and [y] is the
measurement vector. It is assumed that the generalized forces,
generated by u, are proportional to the control command.
More complicated dynamics of the actuator system can be
modeled by additional states or compensated for in the final
control law.5 The actual control surface motion states are
part of {z}. [Fj], ( G 7 ) , [//], and (/) may vary with Mach
number and dynamic pressure.

The design target in this paper is for a constant coefficient
control law

u = [ C ] [ y ] (18)

which suppresses flutter in the entire flight envelope and
yields minimal mean square response of a selected design
parameter.

The gust influence coefficients (A ( i k ) } are calculated for
some discrete reduced frequencies K/ and then interpolated
along the imaginary axis in a way similar to the rational
approximations of the previous section.

A design variable zd is defined as a linear combination of
the state variables and the control command. The frequency
response of the design variable is

/«) = 1-lCHJ] [C] (24)

The atmospheric turbulence is defined in statistical terms.
For isotropic turbulence, the power spectral density (PSD) of
the gust velocity is6

(25)
w V [l+(uL./V)2]-
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Fig. 5 Open- and closed-loop root loci for a typical section in in-
compressible flow.

The scale Lg depends on flight altitude and other factors.
The mean square of the gust response is

(26)

The design cost function is some combination of <j\d at
several points of the flight envelope. Davidon's minimization
method, as modified by Stewart, 19 is used to find the assigned
poles which yield minimal cost function. The initial assigned
poles must stabilize the system at the cost function points.
Careful choice of these points leads to a control law, if there is
any, which stabilizes the system throughout the entire flight
envelope.

Control Analysis Example
Control analysis was performed for the typical section of

Fig. 1 in incompressible flow. The minimum-state ap-
proximated coefficients, described in the first example of the
previous section are used to model the system with six
structural states and two augmented states. The structural
parameters are uh = 50 rad/s; coa = 100 rad/s; e^ = 300 rad/s;

xa=0.2; r£= ^=-0.025; ^=0.00625. No
structural damping is included.

The variables of Eq. (17) are [z] T = [h/b, a, ft h/b, a, ft
xai> Xa2\ and u~0c- Tne open-loop (0C = 0) root loci (Fig. 5)
show a violent flutter at F=3.02 bua. The control system is
required to ensure no flutter between V/bua = 1 and 3.5, and
to minimize the cost function o2

z (V=2.5bua) +^°id
(F=2.85Z?coa) +a2

Zd (V=3.2ba>a) of the design variable zd
= ft The gust influence coefficients ( A g ( i k ) } were derived

OPEN LOOP
CLOSED LOOP, mc=2
CLOSED LOOP, m«=4

V/bu>
Fig. 6 Mean-square response o^ and a2^ of a typical section in
incompressible flow to atmospheric turbulence of unit mean-square
velocity.

from Eq. (5-376) of Ref. 6. The PSD parameters inJEq. (25)
are *2

Wg = 1.0 b2/s2 andLg = 50 b.
Control laws [Eq. (18)] were calculated for two cases

(y) T= [h/b, ,ti/b] and [y] T= [h/b,a, h/b, a ] . The open-
loop and closed-loop root loci are plotted in Fig. 5. The
variations of a%/b, a2^, and a2^ with air speed appear in Fig. 6.
We can see from the root loci that the two modes that par-
ticipate in the flutter mechanism still interact with each other.
But, instead of the open-loop violent bending torsion flutter,
we observe a more complicated interaction which keeps the
system stable. Since the measurements [y] are of actual
structural motion and the input parameter u is the com-
manded control surface rotation angle, the optimized control
laws are physically realizable.

Figure 6 indicates that the closed-loop a%/b values are
higher than the open-loop ones over a large velocity range.
This is due to a more rapid increase of the closed-loop plunge
frequency. It is also seen that the o2^ graph is much higher in
the four-measurements case than in the two-measurements



MARCH 1982 DESIGN FOR ACTIVE FLUTTER SUPPRESSION 227

case. One concludes that minimizing a design gust response
parameter can cause unfavorable changes in other gust
response parameters.

Concluding Remarks
A new minimum-state method for efficient rational ap-

proximation of unsteady aerodynamic loads has been
presented and demonstrated to result in a considerably lower-
order model relative to other methods of a comparable ac-
curacy. Because of its iterative feature the minimum-state
method requires more complicated computer routines and
consumes more central processor time. However, this in-
vestment pays off considerably when it comes to performing
repetitive flutter and control calculations.

The minimum-state modeling technique has been used to
develop state-space active control equations. A pole
assignment technique, for a partial-feedback, constant-gain
control law which stabilizes the system in the entire flight
envelope, has been presented. The control law is modified to
minimize the mean-square gust response of a design
parameter over selected regions of the flight envelope.

These techniques are formulated in general form and may
be applied to any flight vehicle with linearized aerodynamics.
The same control equations can be used for more
sophisticated optimal control techniques.
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